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Syllabus: Unit Il: Ordinary Differential Equation of Higher Order

Solutions of linear differential equations of nth order with constant coefficients,
Simultaneous linear differential equations, second order linear differential equations
with variable coefficients (solving them by using changing independent variable, Normal
form, Reduction of order, method of variation of parameters), Cauchy Euler equations.
Existence and Uniqueness theorem, Picard’s theorem.

Lecture 1: Review of Differential Equation

An equation involving independent variable, dependent variable and their derivative
with respect to independent variable is called a differential equation.
For example, you may consider.

dy _ 1+ x°
dx 1+y

@ =

(2) +42—y+y 0

2
3 d_)2/+ 1+(dy] =0.
dx dx
are differential equations, since they contains x as in independent variable, y as
dependent variable and % the derivative of y with respect to x.

X

Ordinary Differential Equation: If the differential equation contains only one

independent variable then it is called an ordinary differential equation. If it contains
more than one independent variable then it is called partial differential equation (1),

(2) are ordinary differential equation and for partial differential equation you may



consider y%AJr x%A: C* is partial differential equation as dependent variable

A contains two independent variable x and y.

Order and Degree of a Differential Equation: Order of a differential equation is

the order of highest derivative involved in the equation. For example in (2) the

d?y

X2

2
derivatives are %, % and in the these two highest order derivative is
X 0OX

so order

of this differential equation is 2.
Order of (1) is 1.

Degree of a Differential Equation: Degree of a differential Equation is degree of

highest order derivative involved in the equation when equation is free from radical
and fractional powers.
Example. Differential equation (1) & (2) are of first degree and (3) is of second

2 3 2 3
degree as d—32/+ 1+(d—yj =0 = a +1+ & =0.
dx dx dx dx

Linear Differential equation : A differential of the form %+ Py=Q

where P and Q are functions of independent variable x (only) (But not y or
constants) is called a linear Differential Equation.
It is said to be linear because the dependent variable y and its derivative w.r.t. x
occurs only in Ist degree.

Working Rule to solve linear differential equation of Ist order:

1. Arrange Given differential equation in the form %+ Py =Q.
X

2. Write down its ILF. =el™®.

3. General solution of differential equation is y.(1.F.)=[Q(I.F.)dx+c.

Example.: Solve the differential equation ﬂ+3—y = i.

dx x x*

Solution : Given differential equation is in Linear form with P =3 and Q :i“.
X X

[Pax _ eJ'de :esjédx o9 _ 3

Hence I.F. =e =e



Therefore General solution of differential equation is vy.(l .F.)=IQ(I F.)dx+c.

y.(I.F.)=J.Q(I.F.)dX+C:>yx3=Ii4(x3)dx + C where c is arbitrary constant of
X

integration.

Example: Solve the differential equation (1+x?) % +2xy =CosX.
X

Solution : Given differential equation can be written as %+ 2xy2 = COS)Z(
dx 1+x° 1+X

2X Cos x

which is a linear differential equation with P=—— & Q="
1+x 1+x

2X

and its integrating factor is e’ dx =1+ x2.

Hence Required solution is

1+x CJFICOS 1+ x? dx c+'fCosx C +Sinx

c+Sinx

or y=
y 1+ X2

Equation Reducible to Linear form (Bernoulli's form)

Bernoulli equation is the form %+ py =Qy" ......... (1)
X

where P and Q are functions of x only.

This can be reduced to linear form by dividing it by y" and substituting

Now put v =y* :>— @a- n)y’n

2)b =
so (2) becomes o ) +pv=Q
or QJF pl-n)v=Q1-n)

dx

which is a linear equation and can be solved.



Problem : Solve the differential equation x%+ y =xy®
X

Solution : Given equation can be written as y‘?’%Jrl Y2 =X e (1)
X X

Ay _dv
dx dx

So (1) becomes —lﬂﬂ:l
2dx X

Now put y? =v=-2y

or Q—ZX:—Z ............. (2)

dx X

which is a linear equation

1
log= 1

. -2/4d
and its | F. =l %% —g2oox ™ =
X

. . . 1
Bl
so solution of equation (2) is v. 2 _j Adx+c

. 1 2 . .
putting the value ofv we have x2—y2 = ;+c which is required solution.

Exact Differential Equation: If a differential equation is obtained by direct

differentiation of its primitive (solution) without any other process like elimination
or reduction then it is exact differential equation. For example, x dy + ydx =0 isan
exact differential equation since it is obtained by direct differentiation of xy = ¢?
which is its primitive.

In other words, (W.M.) : A differential equation Mdx + N dy = 0 is said to be an

exact differential equation if the condition aa—'\; = Z—T is satisfied,

where aaﬂ is differential coefficient of M w.r.t y keeping x constant

and 2—N is differential coefficient of M w.r.t x keeping y constant.
X

Method for solving exact Differential equation (W.M.):
Step-1: Integrate M w.r.t. X keeping y as constant.
Step-I1: Integrate w.r.t. y, those terms of N which not contain x.

Step-111: Result | + Result Il = Constant is the solution.



Example: Solve the differential equation

(5x* +3xy* —2xy® ) dx+(2x°y —3x*y* —5y* )dy = 0.
Solution : Here M =5x*+3x*y* —2xy®, & N =2x%y-3x’y*-5y*
Check

o) ﬂ=6x2y—6xy2 & ﬁ:6x2y—6xy2
oy OX

) oM ON . .
since — =— hence given equation is exact.
oy oX

Now J'M (treating y asconstant) dx+'[(items of N not conting x)dy =C
or I(Sx“ +3x%y?® — 2xy°* Jdx + I(—Sy“dy) =C
I(5X4 +3x7y? — 2xy° Jdx + j(—5y4dy) =C

x5 X3 x2 %

5—+3y*— -2y’ ~—-5y* 2 =C
5 Y 3 Y 2 Y 5

X +x3y? — X2y —y*=C .

Integrating factor: Sometimes an equation which is not exact can be made exact

differential equation, by multiplying some suitable function of x and y. This function
IS known as integrating factor of the differential equation.

. oM ON
For example (y—x)x*Sin ydy +(1+x*)dx =0 is not exact as W?&&

But after multiplying by iz given equation becomes exact differential equation.
X

Rules for Finding Integrating Factor:

Rule-1 : When the equation Mdx + Ndy = 0 is homogeneous and Mx + Ny = 0 then

i . . 1
integrating factor of the equation is
Mx + Ny

Problem : Solve the differential equation (x*y —2xy*)dx—(x* —3x*y)dy =0
Here M =x*y—2xy* and N =-x>+3x’y

M _ —4xy, N _ —3x% +6xy
OX

. om ON . ..
since — #— = Given equation is not exact.
oy oX



Given equation is homogeneous and
Mx+ Ny = (x°y —2x°y* )+ (-x’y +3x’y*)
=x°y* %0

1 1

2y,2

SolLF. = =
Mx+Ny x°y

Multiplying given equation by Xz—yz we get

(-8l
y X y  y

which is exact equation and Its solution is
I{l—gjdwrjgdy:c
y X y

or 5—2Iogx+3|ogy=c
y

3

X . . .

or —+ Iogy—2 =C is required solution.
y X

Rule-11 : If the equation is of the form f (xy).ydx+ f,(xy)xdy =0 and Mx— Ny =0

) . 1
then the Integrating factor of the equation is
Mx — Ny

Problem : Solve the differential equation (y—xy?)dx—(x+x’y)dy =0.

Solution : Given differential equation can be written as (1—xy)ydx —(1+ xy)xdy =0
Here M =xy—xy*,N =—x—x%y
MXx — Ny=(xy—x2y2)—(—xy—x2y2)= 2xy #0

1
Mx—Ny 2xy’

So Integrating factor =

Multiplying Given equation by I.F. we get

X

I(%—yjdxﬂ'—%dy:c

(1— y) dx—(1+ x] dy =0 which is exact and its solution is
y



X
or logx—xy—logy=c=log—-xy=C.
y

Rule-111 : If the equation Mdx+ Ndy =0 and %[%\A—%—NJ is a function of x say
X

f(x) then I.F. &l "®*

Problem : Solve the differential equation (x*+y? +2x)dx+2ydy =0

Solution: M =x*+y*+2x,N =2
M, N

,— =2
oy y@x

S0 i(ﬂ—®J=i(2y—l):l which is a function of x
N{ oy oX 2y

LE. =l ¢

Multiply by e* we get e* (x* + y* +2x)dx +e*2ydy = 0 which is exact and its solution
is Iex(x2+y2+2x)dx+IOdy=C.

Rule - IV : If the equation Mdx+ Ndy =0 and %(%—N—%j is function of y say
- X

f(y) then ILF. —el "™

Problem: Solve the differential equation
(3x*y* +2xy)dx+(2x°y* - x*)dy = 0.

Solution : Here M =3x°y* +2xy, N = 2x*y® — x*

@:12x2y3 +2X, aa—N:6x2y3 -x°
X

1(oM oNY (6x2y3 - X"')—(12x2y3 + 2x)
M(E_&j__ 3x°y* +2xy
~ —2(3x2y3 + 2x) 2

- y(3x%y° +2x) Ty

CJroey  —faydy pgy 1
I.LF. =e =e =e ==

y

Multiplying by % equation becomes



2
(3x2y2 +%] dx+(2x3y—x—2jdy =0
y y
which is exact diff equation and its solution is
I£3x2y2 +§]dx+j0dy =C
y

2
or x2+y2+X7=C which is required solution.

Lecture 2: Review of Differential Equation

Homogeneous Equation : An equation of the form ay _L(xy) is called a
dx  f,(xy)

homogeneous equation, where fi(X, y) and f2(X, y) are homogeneous functions of
same degree in x and y that is fi(x, y) = x" f1(y/x)

f2(x, y) = X" f2(y/X)

dy _ Xn fl(Xi y) _
0 &_—anz(X,Y)_ fF(Y/X) v, Q)

Now put y/x =v or yzvx:ﬂ:wx%
dx dx

So from (1) v+ x% =f(V) e, (2)

dv dx

S ting th iabl =
eparating the variables v x

Integrating this, we get required solution.
Problem: Solve the differential equation
x2dy + y(x+y)dx =0

W YY) g (1)

Solution : Given equation can be written as ]
X X

This is a homogeneous differential equation.

Puty = vX.
dy dv
= —==V+X—
dx dx

dv  VX(X+VX)

Equation (1) becomes v+ xd— +———==0
X

X



or v+xﬂ+v(1+v) =0
dx

dv dx

viv+2) X

or 1[1_L}dv+%:0
2|v v+2 X

Integrating we get %[Iogv— log(v+2)]+logx=c

Vv
or log x /—:c
V+2
or log x /&zc
y/x+2

y/ X
y/x+c

or x =e° =k(say)

or x’y =k?(y+2x)

Non Homogeneous equation can be reduced to homogeneous form:

Equation of this type is dy = ax+by+c
dx Ax+By+C

Case-1 when %;ﬁ%then put x=X+h & y=Y+k

dy dY _a(X+h)+b(Y +k)+c _

dy aX +by+(ah+bk +c)
dx

dX  A(X +h)+B(y+k)+C AX +BY +(Ah+Bk+C)
Choose h and k such that ah+bk +c=0

Ah+Bk+C=0

S0 equation (2) becomes dy _ aX+by

which is a homogeneous equation.
dX AX +BY

and can be solved by putting Y = vX.

Problem : Solve the differential equation (x+ y+5)dy = (y—x+1)dx

Solution : Given differential equation can be written as dy _ y-x+i

= . 1
dx X+y+5 (1)

Put x=X+h,y=Y+k

: dy (Y-X)+(k-h+1)
Th — = 2
e equation reduced to X (XeY)+(hik+5) (2)




Now choose h and k such that
k-h+1=0
h+k+5=0

Solving these equations, we get
h=-2,k=-3

S0 equation (2) becomes LA e S
dX X+Y

Now put Y =vX

dv. vX =X
soby (3) vix—=
y @) dX x+vX

dv. v-1
of X—=—-—-Vv
dX v+1

dv 1+V?
or X— =—
dX 1+v

1+v dv
or > |dv=——
1+v X

Integrating IL TR J I_

or tanv+= Iog(l+v)+|ogx C

Y+X

or tan” §+ Iog( ]+Iogx C

or tan‘lzTJr;)’Jr%Iog[(erB)z +(x+2)1=c

Case-I1 : When 3:2
A B

thenlet 22 -1 A—ak and B=bk
A B K

0d_y_ ax+by+C
dx k(ax+hby)+C



N _q
bﬂ:g or ﬂ:dx—

Now put ax+by=v=a+
dx dx dx b

dv
x 2 v+cC op v _ (b+akv+(be+ac)
b kv+C dx kv+C

Example: Solve the differential equation (4x+6y+5)dy = (3y +2x+4)dx

SO

Solution : Given Diff. equation can be written as 3 = 3Y+2X+4
dx 4x+6y+5
dy  3y+2x+4

or dx 2(2x+3y)+5

Put 2x+3y=v:>2+3ﬂ=ﬂ
dx dx

1(dv v+4
So by (1 =l —=21=
y @) B(dx j 2V+5

dv_ 7v+22
dx 2v+5

or [ 2V+5

V+22

jdv:dx

Integrating we get I[%—% - ! 7
v+

}dv=fdx+c
2
.'.?v—9log(7v+22):x+C

;(Zx +3y)—9log(14x+21y +22) =x+C

Required solution of given differential equation.

Lecture 3: Differential Equation of n™" order with constant coefficients

Linear Differential Equation: If degree of dependent variable and its derivative is

one then such differential equation is called linear differential equation.

2
For example 3—Z+53—y+6y = x’is linear differential equation.
X X

Non Linear: If degree of dependent variable and its derivative is more than 1 then

such differential equation is called non-linear differential equation.



2 2
For example [3—3} +%+ y = x* is non-linear differential equation.
X X

General form of a linear differential equation of nth order is

d is denoted by D.
dx

DY+ p D"y H e, FPY =X e (2)
or f(D)y=X
where f(D)=D"+ p,D" " +........... +p,

dy

Let us consider a differential equation d—+ py =Q of Ist order.
X

Its solution is ye/™ = erIpdxdx+C
or =>y= cel™ eprdXIQeIpdxdx
B __[pax [ pax [ pax
= y=Cu+v where u=e & v=e J'Qe dx

(1) Now differentiating u=e "® w.r.t. x.

du_

_pe’f"dx :_pu:d_qu pu:O:iCu+ pCu=0

SO y =cu is the solution of di(Cu)Jr p(Cu) =0.
X

(2) Differentiating y=e ! deIQeI "®dx with respect to x.

av__ pe_I pdije_I " x4 6 deQe_j P i
dx
:ﬂ=—pv+Q:>ﬂ+ pv=Q

dx dx

so y = v is the solution of %+ pv=0Q
X

so solution of (1) is (2) consisting of two parts i.e. u and v, u is known as
complementary function and v as particular Integral.

So general solution = complementary function + particular Integral.



Method for finding Complementary function:

Let y=e™ then D"y =m"e™
so equation (2) becomes (m"+ pym"* + p,m"? +........+ p, )e™=
or y=e™ is asolution of (1) if
m" + pm"t+ p,m" 7+ +p,=0
This equation is known as Auxiliary equation and mz, mo, ...... mn are roots of A.E.
There are three cases.
Case-1: Roots are real and different then solution is
y=Ce™ +C,e™ +...... +C.e™
Case-11 : Roots are real and some of them are equal say m, =m, =m
then solution is y =(C, +C,x)e™ +Ce™ +.......... +Ce™
Case-111 : Some of roots are imaginary say m, =« +if, m,=a—if then general
solution of (1) is
y=Cel™"* 4C e 1 Ce™ +.......+Ce™
=e”[C,(Cos Bx +iSin Bx)+C, (Cos Ax—iSin BX) +......
e[ (C,+C,)Cos Bx+i(C,—C,)Sin BX |+ .ccevrrrrrr,
e”[ACos Bx+BSin Bx]+....cccc......

2
Problem : Solve d—Z’— d—y+15y:0.
dx dx

Solution : Given equation is (D*-8D+15)y =0 so D =3, 5.

Hence required solution is y =e* +C,e*

2
Problem : d—Z—Gd—y+9y:0
dx dx

(D*-6D+9)y=0 AE.is D’-6D+9=0o0r (D-3)*=0 orD=3,3
Hence required solution is y =(C, +C,x)e*

2
M+4d_y

Problem : Solve —
dx dx

+5y=0

Solution : Here Auxiliary equation is D*+4D+5=0 and its roots are -2 i

so required solution is y =e ™ (ACosx+BSinx).



Method of finding particular Integral : Particular Integral of a differential

X

. 1
equation f(D)Y =X is

q (D) (D)
1 ., 1

Case-1. when X =e* then P.I.= e =
f(D) f(a)

e™if f(a)=0

If f(a)=0 then Le“:x.—e"’lx
f(D) (D)

Case-11 : when X =x" thenP.l. = x“:[f(D)]’lxn expand [ f(D)]" and then

1
f (D)
operate.

Case-I11 : where X =SinaX then

Sinax=—~__sinax if f (-a%) =0

Pl=—"
f(D?) f(-a?)

Cosax = Cosax if f(-a®)=0

and
f(D?% f(-a%

Sinax = x.l;Sin ax

If f(-a®)=0 th
(—a®)=0 then fad)

_1
f(D?)
Case-1V : when X =e*¢(x)

1 1

eax ¢(X) — eax

Then P.l. =
f (D) f(D+a)

#(x)

Case-V :P.l.= ﬁﬂx) = e“‘xj‘e‘ax H(X)dx

Case-l1. when X =e™ then P.l.= L e = L e™if f(a)=0
f (D) f (a)
If f(a)=0 then e =x.——e¥
f(D) f(D)

Problem : (1) Solve the Diff. Equation (D*+6D +9)y =5¢* +e >

Solution : A.E.is D*+6D+9=0=0=-3,-3

so C.F. =(C,+C,x)3e™

and Pl =— (5% +e )



1 2X 1 -3x
5 e +— e
D°+6D+9 D°+6D+9
1 2x 1 5

=5—5———e" +X e
2°+6.2+9 2D+6

( D2+6D+9=0 at D =—3)
= 1e2X + x.x.le‘SX
5 2

(-2D+6=0 at D=-3)

2

1 X®
:_62x+_e 3X

5 2

o 1 X
so general solution is y =(C, +C,x)e > +ge” +7e*3x.

Case-l1l. when X =x" then P.l. = f(lD)x”:[f(D)]lxn expand [f(D)]‘1 and then

operate.

Problem : Find P.I. to the differential Equation (D2+4)y= X.

2\1 2
Solution - Pl=—t x=21407 ) x21[1- P, k=X
D 4 4

4

Case-111 : where X =SinaX then

P.l. Sin ax:#Sin ax if f(-a®) =0

" F(D) f(—a?)

Cosax = Cosax if f(-a®)=0

and
f(D? f(-a%

If f(-a®)=0 then LSin ax:x.;Sin ax

f(D?) f'(-a’)
Problem : Solve the differential Equation (D2 -3D+ 2) y =6e> +Sin 2x

Solution : A.E.is m*-3m+2=0=>m=1m=2



so C.F. =Ce*+C,e*

P.I. =2;(6e3x+8in 2x)
D°-3D+2
=6—; ! e +— ! Sin 2x
D -3D+2 D -3D+2
:6.le3x+2;8in2x
2 —2°=-3D+2
=3 — L Sin 2x
3D+2
=3e¥ - 3D2_2 Sin 2x
D -4
:3e3x—ESinZX:Be“+i(3i—2)8in2x
-40 40\ dx

=3 + i(3Cos 2x.2—-2Sin 2x)
40
=3e¥ + i(3Cos 2x—Sin 2x)
20
Hence general solution is y =C,e* +C,e* +3e* +%(3Cos 2x—Sin 2x)

Case-1V: when X =e™@(x)

Then P.l. =

ax _aax 1
o 0= o™

Problem : Solve the differential Equation (D?-4D+1)y =e* Sin2x
Solution : AE.is m*—4m+1=0=>m=2+4/3
S0 C.F. =Ce@®®x 1 C @~
= (Cle“@X +C2e"ﬁx)e2X
= (Cl Cosh+/3x+C, Sinh \/§x)e2X

P.I. :Z;eZXSinZX:e2X - L Sin 2x
D°-4D+1 (D+2)°-4(D+2)+1

=e” Dzl 5Sin2x

= e L 3Sin 2X

:—leZXSin 2X
7



G.S.=(C, Cosh/3x+C, Sinh y/3x ) e” —%e“ Sin 2x

Case-V : P.1I. :ﬁﬂx) =™ [e ™ p(x)dx
Problem : Solve the differential Equation (D2—3D+2)y:e5x
Solution : (D*-3D+2)y =e”

or (D-1)(D-2)y=e>

C.F. y=Cge*+C,e*

1 5x 1 1 5x
BECECEIN =LD—2fXD—n}e

— 1 e5>< _ 1 e5x
NCEINCEY

=g I e e 2dx —e** I e>* e~ dx

_EZX e_?,x _ex e_4x
3 4

L 1
Hence general solution is y=C,e* +C,e* +Ee5x.

Lecture 4: Simultaneous Differential Equation

If two or more dependent variables are functions of a single independent variable,
then the equations involving their derivatives are called simultaneous equations. For
ex. %+ 4y =t
dt
dy

2 4+2x=¢

Method of solving these equations is based on the process of elimination as we solve
algebraic simultaneous equations.

Problem: solve ax +2y=¢', dy_ 2x=¢e"
dy dt

Solution: The given equation in symbolic form can be written as



Dx+2y=¢' - (1)
Dy-2x=¢"" - (2)
Operate D on (2) and add to it 2 time of (1), we get

(D2+4)y:2et —e™t - (3)

Here A.Eis D°+4=01ie D=+2i

Yer (t)=(c,cos2t+c,sin2t) (4)
_ 1 1 e e
and Yo, (=5 4 (2 ~") =2 ¢ - g I Gl
: 2¢' e
Hence y(t)=(c,cos2t+c,sin 2t)+?—? .(6)

1 11 : 2 et
Now from (2), x:E[Dy—e t]:E{D(clc052t+czsm2t)+ D(ge%?—e tﬂ
t —t
1 —2clsin2t+2020032t+2—e+e——e’t
2 5 5

: e 2
=—C,sin2t+c, cosZt+§—ge - (7)

Problem: solve (D —1) X+ Dy =2t +1, (2D +1) x+2Dy =t
Solution: For elimination of y, take difference of 2 time of 1t from 2™ i.e.,

((2D+1)x+2Dy)-2((D-1)x+Dy)=t—2(2t+1)

2. . dx
Or 3x=-3t-2or x(t)=—t——|mply|ngd—:—1
3 dt
. dx . :
Now using above values of X(t) and m in 15T Equation, we get

Dx—x+ Dy:2t+1or—1—(—t—§J+ Dy=2t+1

2
Implying Dy:t+g ie y(t):%+%t+c

Where c is a constant of integration.
X
Problem: solve d——7X+ y= O,Q—ZX—5y =0
dt dt

Solution: The given equation in symbolic form are written as:

(D-7)x+y=0 (1)



—2x+(D-5)y=0 - (2)
To eliminate y, operate (D —5) on (1) and add the two equations to get
(D-5)(D-7)x+2x=0 or (D* ~12D+37)x=0 -(3)
Sothat AEis (D ~12D+37)=00r D =6xi

X (t) =€* (c, cost +c, sint) .. (4)
Implying % =e™ (—c, cost +c,sint)+6e™ (c, cost+c,sint) .(5)
On substituting value of x(t) and Dx from (4) and (5) respectively in equation (1), we get

e® (—c cost+c,sint)+6e™ (c, cost+c,sint)—7e* (c, cost+c,sint)+y =0
or  y=e"[(c,—c,)cost+(c,+c,)sint]
=e*[Ccost+Dsint]

Where, C=c,—c,and D =c, +c, (6)

d’y

Lecture 5: Solution of the e + P%-FQy = X by changing the independent

variable:

Sometimes the equation is transformed into an integrable form by changing the independent
variable. Let the equation
d? d
_g +P _y
dx dx
Let the independent variable x be changed to z by taking z as the function of x.

dy _dydz ﬂ_i(ﬂj_i(ﬂﬁJ_ﬂ(£j2+ﬂﬂ
“dx dz dx dx? dx\ dx) dx\dzdx) dz?{dx dz dx?’

+Qy=x L. (1)

Substituting these value in (1), we get

d?y(dz )| d%z dy dz
ayplzy 1 9z prayo =X
{dzz(dxj }rdx2+ (dz de+Qy '

d’y dzj2 d’z _dz |dy
or 2| 2| 4|22 4p=|LiQy=X,
' dzz(dx e ax dzJrQy



d’y dy
Or _dzz +F;E+Qlyle,
d?z  ,dz
Where P =%_dx o — dfzanXmz X

(G G}

After obtaining equation (2) we like to choose z in such a way that (2) can be easily integrating.

Casel1l:P1=0

d
We choose z to make the coefficient of d—yin (2), equal to zero i.e.
z

d22 dz 2
+P— 2 d“z
_ dx?  dx d<z dz vl
1 _W =0or W_F P&—OOI’% =—P

dx dx
dz dz  —[rd
Integrating, we get Iog—:—j Pdxor—=e [pax

dx dx

2
~(Pd d
Integrating again, we get z = Ie Jp XdX, this value of x reduce (2) to d—¥+Q1y =Xy,
Z

Which can be easily solved provided Q; comes out to be a constant or a constant multiplied by

1
7%
Case 2: Q; = a?
Q s Q = a2
We choose z such that <1 dz )2 (constant),
(&)
. 2 [ dz ’ dz . L
e al| =Qor a = Q. integrating gives az = jﬁdx.
X X
the above value of z reduces (2) to
d’y dy .
—+P—=+a‘y+ X,
a2 gz AT

Which can be solved easily, if P; comes out to be a constant.

d? . d
Problem: Solve COS xd—zl +sin xd—y— 2ycos’® x =2c0s’ X.
X X

Solution: writing given equation in standard form, we have

2
M+tanxﬂ—Zycosf’x:Zcos“x. ...... (i)
dx? dx

X

Here P =tanx,Q =—2cos’ x, X = 2cos” x



Changing independent variable from x to z, equation becomes,

d? d
dTZ_'_ Pld—i+a2y =X, (1)

2
E+sz

Where, P = dx’ dx ,Q = Q and X, = X

I I

Let us choose z such that Q, = %= -2 (constant)
z
(5
2
ie., —2.(%j = —2co0s’ Ol’g =CO0S X, integrating gives z=sin x. ... (iii)
dx dx
d?z P dz .
w2 T, —si X 2C0s” X
then Plzdx de _ smx+tanx2(cosx)zoalrlcl X, =— = X —2c0s” x
( dz j (cosx) (%} (cos)
dx
Hence equation (ii) transferred to
d’y 2 d’y 2 d’y 2
——= -2y =2C0Ss° X,0r -2y =2(1-sin“x),or — -2y =2(1-12°),
dZZ y dzz y ( ) d22 y ( )
or (D*-2)y=2(1-12%),
Now C.F = cle\/EZ + cze‘”/EZ
2\1 2
P.l= 21 2(1—22):i -2 (1-2%)=- 142 (1-2%) =17,
(D°-2) -2 2 2
Hence the solution of the given equation is
y=ce'® +ce " 472
ory =ce "™ 1 c,e " 1 (sinx)” [Asz=sinx] Ans.
2d’y dy
Problem: Solve (1+X*) —-+2x(1+x*)—2 + 4y =0.
roblem ove( ) e ( )dX Yy
Solution: writing equation in standard form, we have
2
d y + 2X y + 4 y = O ...... (l)

dx®  (L1+x*)dx (1+%° )2

Here P = 2X Q= 4 X =0.

)Y ey




Changing independent variable from x to z, equation becomes

d? d
d_2’+p Yooy=x. (ii)
d dz

2 "dx Q X
Where, P = &> Q, = and X, =

CAE

Let us choose z such that P, =0i.e d—z+ Pd—z =0.
dx? dx
2
AT.Q. d_§+idz =0 Putting — az =tthen— at L%:
dx*  (1+x*) dx dx dx (1+ X*) dx
Separating the variable and integrating, we get
1
logt+log(1+x*)=0or t=
gt +log(1+) (1+¢)
) dz _ dz 1 _ . . . 1
Since — =tgives — = separating the variable and integrating, Z=tan™" x
dx dx  (1+x°)
4
+X2
Q1=—Q =—Z(1 ) =4 and Xlz—zo =0,

&) [

Hence the transformed equation is

&=

Its solution is Yy =C, COS2Z +C, Sin 2z
or y =c,cos2(tan" x) +c,sin2(tan " x) [As z=tan™ x| Ans.

Working Rule: Solution of Second order differential equation by changing in

dependent variable:

Consider second order linear differential equation.

d’y  ,dy
+P—+ R
dx dx? dx Q=
Step for solution:

2
1. Make the coefficient of d_z as 1 if itis not so.
X

2. Compare the equation with standard from y" + Py' +Qy=RandgetP,Q,andR



dz \?
3. Choosezsuchthat| — | =Q
dx

Here Q is taken in such a way that it remains the whole square of a function without surd

and its negative sign is ignored.

dz ’z
4. Find d_ hence obtain z (on integration) and d—z(on differentiation)
X

X
5. Find P,,Q, and R, by the formulae
d’z _dz
ciprt
_d¢ dx o Q r-_R
1 % 2 1 (dz 2 (dez
dx dx dx
d’y o dy

6. Reduced equation is e + P, —+Q,y = R, which we solve fory in term of z.

dz

7. We write the complete solution as y in term of x by replacing the value of z in term of x.

Example: By changing the independent variable solve the differential equation

2
d_zl_ld_y+4x2y_ x*
dx®  xdx
2
Solution: d—¥—1ﬂ+4xzy= x* (1)
dx® xdx
Here, F’=—1,Q:4X2,F\’=X4
X

dz \’
Choose z such that ( d—) = 4x?

X
= % =2X . (2)
dx
z=x? (on integration)
d’z
from (2), F =2 (Differentiating (2) w.r.t x)
X
2
i;+Pgi 2—1@@
dz 4x
(o)
Q 4x?
Q= =72



R xt X

RF(dzjzmz
ox

Reduced equation is

d’y z : 2
v [ z=x"from(3)]
Auxiliary equation is,

m’+1=0 = m=d=i

C.F=c,cosz+c,sinz

= (1-D* 4. ) (%j 22 (Leaving higher powers)

. YA
.". solutionis Yy=C, COSZ+C,SINn Z+Z

Complete solution is given by

2
y=c, cos(x*) +c, sin(x?) +XI

Example: By changing the independent variable solve the differential equation

L dy

(1+x) —+(1+ x)g—y+ y =4coslog (1+x)
X X

d’y 1 dy vy 4
Solution:  —> —= = log(1 (1
olution: 7+ (1 ) dx + TR coslog (1+x) (1)

Choose z such that,

dz 1
= —_— = . (2)
dx 1+x
Integration yields, z = log(1+x) . (3)
d?z 1
From (2), =—

dx’ (1+ x)2



Pl = 1 -
(1+ x)2
Q
T
dx
R
R, :T:4coslog(1+ X) =4c0sz from (3)
(5
Reduced equation is
d’y
—-+Yy=4cosz
dx® y

Auxiliary equationis m* +1=0 =m = i

C.F=c,cosz+c,sinz

Pl =

——(4cosz) :4,Esin z=2zsinz
D°+1 2

Complete solution is

y=C,C0SZ+C,Sinz+2zsinz

y =¢, coslog(l+x) +c, sinlog(1+ x) + 2log(1+ x) sin log(1+ x)

Lecture 6: Normal form (Removal of First derivative)
2

Consider the differential equation %+ pg—i+Qy =R...»1)

Let y = uv be the complete solution of equation (1).

SO %:vd—u+uﬁ ................. (1)
dx dx dx
d’y d’% _dudv d%
dx dx dx dx  dx
2
putting the values of yg—i% in (1) we get

dv _dudv d% dv  du
—+2——+V— |+ p|U—+V— |+Quv=R
dx dx dx dx dx dx



2 2
vd—u+d—u(pv+2ﬂj+u(d u+ pﬂ+ij:R
X

dx?  dx dx) (" dx
ﬂ+d—u(p+gyj+g ﬂﬁ- p%"‘QV —E
dx®  dx vdx) vidx* odx v
Last bracket is not zero as y = v is not part of complementary function.
Now removing the Ist derivative P +Zﬂ: 0 or av__1 Pdx
v dx Vv 2

Lipg
or log v=—1.[de:>v:e A7
2
Now our objective is to find the value of last bracket

2
e d_y+ pﬂ+Qy:R

odx® T dx
dv 1 Jex 1 ~{/pd
Nowd—:——esz=——pv as v=e 2™
Xz

2 v >y
dx 2 dx 2 dx 2 dx 20 2
:—1%v+—p2v
2dx u
d’y dy 1dp ) [ 1 ]
V=—=——v+=p¥ —Zpv
i P T T T T PP YR

so equation (1) is transformed as

2
d_u+Ev(Q_1d_p_l pz)zg

x> v 2dx 4
d?u 1dp 1 , ~ oo
—+ulQ————= =Re?
e (Q 20dx 4 P ]
d®u 1dp p°
or —- = where Q =Q-=-—-—
dx? tQU=R A=Q 2dx 4
R, —Re?l’

1

—=| pdx
SO y=uv&v=e ol :



Working Rule to solve linear second order differential equations by reducing to its normal form:

2 2
Step 1: %+ Pg—y+Qy:R,coefficientof d_z/ isunity.
X
1
. _*_[de 1 2 1dP j j pix R
Step2:Findv=e 2 ,Q =/Q-= and Rez =—.
ep S ey Q=3P 5 JAMIR= v

d’u
Step 3: Put the values of Q,and R,in normal form W+Qlu =R

Step 4: Obtained equation is linear differential equation with constant coefficient and solve by
finding C.F and P.I

Step 5: Required solution is obtain by putting the value of Vanduiny=uV.

2
d°y 4Xdy

Problem Solve —= —

e +4x%y =e*
X

2
Solution: HereP=-4Xx,Q = 4X2, R=e" toreduce in normal form we choose

V= —%J.(fo)dx_ 2 Rl—E e :1
e
1 1dP 1 d(-4x
AndQﬁ(Q—ZPZ—Ea}@XZ— (-ax? -2 2 )j

d®u
-~ Equation reduces to F+ 2U =1or(D2 + 2)u =1.
X

Here A.Eis m? +2=0=>m==%+/2i ..C.F =, cos~/2x +c, sin~/2x

1 1 1 . 1
And P.l = R= 1=— thereforeu=C.F+P.l=C COS\/§X+C Sln\/§X+—,
f(b) (D*+2) 2 ' 2 2

. 1
And complete solutionisy=u Y, = (Cl Cos \/§X+ C,sIn \/§X+E)exz. Ans.

: d’y . Y 4.0 2 ai
Problem : Solve d—2—4xd—+(4x —1)y =—-3e* Sin2x
X X

2

Solution : We have %_4)(%4_ (4x% 1)y =-3e Sin2x ......... (1)
here p=-4x, Q=4x*-1, R=-3¢* Sin2x

. . —l J pdx ——j—4xdx ZJXdX X
In order to remove Ist derivative, v=e 2 =g 2 =e =e
On putting y = uv, the normal equation is

du

d2+Qlu_R1 .................. (2)



where Q =Q-=—-—
' 2dx 4
1J.de
R, =—=Re?
1d 2 16x
Q=Q-2P P (4 —) X2—142-4x? =1
2dx X
R -3¢ Sin2x .
R,=—=————-=-3sin2x
Y e*
Auxiliary Equationis m*> +1=0=m ==i
Hence C.F. = C, COSX +C, Sin X
-3 . .
P.l.= = sin2x=sin 2x
1
So solution is V=C, COS X +C, Sin X+sin 2Xx
Hence complete solution of given differential equation is

y:uv=exz(clcosx+c2 sin X +sin 2x).
Lecture 7: Equation whose one solution is known (Method of Reduction of

order)

If y = u is given solution belonging to the complementary of the differential

equation. Let other solution be y = v. Then y = uv is complete solution of the

differential equation.

2
(; Z+ p%JrQy S (1) be given differential equation and u is the

solution included in the complementary function of (1).

Let

d’u  du
SO —+p— =0 e, 2
0 7+P +QY (2)
Now y = uv.

dy du dv d’y d’u _dvdu d%
So 2L=v.—+4u-—and — =V—+2——+U—
X Cdx Tdx T ae T dE Cdedx A

Substituting the values of in (1), we get

d u dv du d?v du dv
+2——+U—+p|V—+U— |+QuVv.=R
dx dx dx dx? dx dx

Arranging (Collecting the coefficients of u and v)



=V du +p%+Qu +u d’v +pdv 2d—Ud—V—R
" dx d  Tdx) dxdx

The Ist Bracket is zero by virtue of relation (2) and the remaining is divided by wu.

2
d—Z{ Zd“}dvi ............... @3)
dx udx [dx u
2
Let ﬂ_z so that —- d'u d—z
dx dx> dx
So equation (3) becomes d_J{ergd_u} _R
dx u dx u

This is a linear differential equation which can be solved (z can be found)
which contains one constant on integration.

z= % , We can get v. So the solution is y = uv.
X

Rules to find out the integral belonging to the complementary function.
Criteria Part of C.F.

1.1+P+Q=0 e*
2.1-P+Q=0 e
3. 1+P+2:0 e™
a a’
4. P+Qx=0 X
5. 2+Px+Qx*=0 X2
6. n(n—1)+Pnx+Qx* =0 X"

Problem : Solve y"—4xy'+(4x*-2)y=0 given that y=e* isan integral included
in the complementary function.

Solution : y"—4xy ‘+(4x2 —2) Y=0 e, 1)

On putting y =ve*', the reduced equation is

dv [ 2du}dv 0

dx? u dx |dx

:>—+{ 4x+ 2xe )}gv 0
X



2 2
S STV LA N N PV VY]
dx dx dx dx

so complete solution is ..y =uv=e* (C,x+C,)

2
Problem : Solve the differential equation x° 3—3— 2X(1+X) ;i_y+ 2(L+x)y =x°
X X

2
Solution : xz%—Zx(le x)%+ 2L+ x)y =x%...(1)

2
N d y_2x(1+x)d_y+2(1+x)y:

dx? x?  dx x?
here P+Qx = _ZX(12+ X, Z(L: Y y—0
X X

Hence y = x is a solution of the complementary function and let other solution is v.

Putting y = vx in (1), we get reduced equation

d?v { 2du}dv X
— +{P+———=—
dx udx)dx u

dva{ 2x§(1+x) 2 (1)}

dx?

:M—Zﬂzlz E—22_1 as ﬂ: Z
dx? dx dx dx

which is a linear differential equation of Ist order

and LF. = e/ ™ — e
and its solution is ze™ = [e™dx+C,

—2X
Ze—2x —

+C, or z :—%+C1ezx

or dv= —£+C1e2X dx:>v:—§+&ezx+c2
2 2 2
SO y:uv:x(—§+&ezx+czj
2 2

Problem : Solve (x+2)d y (2x+5) +2y:(x+1)ex



d? d%y (2x+5) dy 2y (x+1)eX
A’ (x+2) dx (x+2)  (x+2)

Here 1+£+%:0 choosing a =2
a a

Solution :

2X+5 2
+

1— =
2X+4 4x+8

Hence y=¢® is a part of C.F.
Putting y=e**v in (1), the reduced equation is

d’v [ 2 du} dv  (x+1)e*
—= | P+— = o
dx udxjdx e*(x+2)

2x "

2 X
d V+{_2X+5+ 2 2eZX}dv_ (x+1e

dx’ X+2 e dx e (x+2)
2 —X

d \2’+{_2X+5+4}ﬂ: (x+1De

dx X+2 dx  (x+2)

dv 2x+3dv_ (x+1)e”
=>—+— AN A

dx® x+2 dx (x+2)

dz 2x+3_  (x+1e~* (dv j
= —+ Z= —=z

dx x+2 (x+2) dx

which is a linear differential equation with
X+ 1 M
|F = ej‘%dx — ej(me)dx — e2x—|og(x+2) — e2
(x+2)

2X 2X

_J- e X+1
(x+2)_ X+2 (X+2)

Ie(x+l)dx+c J.ex( t 1 2jdx+c
(x+2)? (x+2) (x+2)

-2X

Its Solution is z. e *dx+cC

=z=e"+C(x+2)e
= dv_ e +C(x+2) e

dx
=V= J'e’xdx+CJ'(x+ 2)e*dx+C,

SO y=uv

o o, CE
=g’ [—e = (2x+5)+Cl}



Lecture 8: Method of Variation of Parameters: Method of variation of parameters

is the method of finding the general solution of any second order non homogeneous
linear differential equation both for variable and constant coefficients whose
complementary function is known.

Step for solution:

1. Find out the parts of C.F.

2 Letthe y, andy, be parts of complementary function.
3. Consider y =y, u + y, Vv as the complete solution of equation given
4

u and v are determined by the formula

u=—.|.de+c1andv I—Rdx+c2
Yi¥o =Y Y, Yi¥o =W Y2
Where c1 and c> are the arbitrary constants of integration.

1. Putthevaluesofuandviny=uy, +vy, toget the complete solution.

Problem: By method of variation of parameters solve the following Differential
equation y" +y = Sec X.
2

Solution : we have %+ Y=SECX revvirrrrrrarnnnnn (1)

AE.is (D*+1)=0=>m=xi
So C.F. =c1 Cos x + ¢z Sin x
Here y1 = Cos X, y2 = Sin x
So let complete solution of (1) is

C.S. = ucosx+vsinx

Let complete solution be y=uy, +vy, =ucosx+vsinX ............. (2
where
u= j YR dx=—j mx_ ><secxdx=—_[tanxdx+c1=logcosx+c1
A A {c0s xx cos X —(—sin x)sin x}
&v = j—dx:'[ cosX - - xsecxdx:j dx+c,= X+¢,
A A {c0s xx cos x—(—sin x)sin x}

hence complete solution y = ucos x +vsin x=(log cos X+ ¢,) cos X+ (X+C,)sin .



Problem : Solve the following differential equation by method of variation of

parameters d’y _ y= 2
NG 1+e*

Solution : we have (D* 1)y =——

1+e

AE.is (D’-1)=0=m=x1
SoC.F.=Ce*+Ce™
LetP.l. =uy,+vy, =ue*+ve™ and W=yy,'-y,'y, =—€‘e * —e'e™

u:J._'LRIdx:— € . ZX
Yi¥Yo =% Y, -2 1l+e

dx = J.li_;x dx

1

1 1
Iex(1+ex)dxz-[(§_ex+1jdx

= Iede_Ilf:x dx

=—e"+log(e™+1)

&v:j}’;R,dx: ¢ 2 —dx= ¢ _dx = —log(L+ )
VY, = V'Y, -2 1l+e 1+e
P.I. =uy,+vy, = [—e’x +log (e~ +1)] e*—e*log(l+e”)
=—1+e*log(e ™ +1)—e*log(e* +1)
So, y=C,e* +C,e* —1+e*log(e ™ +1)—e " log(e" +1)

Lecture 9: Homogeneous Linear Differential

Equation with Variable
Coefficient (Cauchy-Euler Equation)

A Linear differential equation of type

. d"y i dy
a X o +a, X" VR +a,y =¢(x)=Q

where ao, ai,

................... an are constants is called a homogeneous linear
differential equation with variable coefficient.

To solve this equation put x=e*, z=Iloge* di =D
Z

ﬂ:ﬂ_%zlyor Xd_yzgorxﬂ:Dy
dx dz dx xdz dx dz dx



2 2
again %:i(ﬂj i[lﬂ):%d_y ldgﬁ
dx® dx\dx/) dx\xdz) x“dz xdz° dx
_1ldy 1d%*y 1
= 4 —— <
x*dz  x dz® x
1(d’y dy)_ 1.,
== —5-2|==(D*-D
x?| dz? dz} x2( )y
o d%y
or G2 -D(D-1)y
_— d?y
Similarly X?’F:D(D—l)(D—z)y
X

Substitution of these values in (1) reduces the given homogeneous equation to a

linear differential equation of n™ order with constant coefficients.
Working Rule:

Step 1: Write the given equation in D-notation form.

Step II: Replace XD, X?D?,X°D® ... etc. in the equation by

XD =D',x’D*=D'(D'~1),x’D* =D'(D'~1)(D'-2)and so on.

Step IIl: Obtain equations is linear differential equation with constant coefficients, find

C.F. and P.l. treating z as independent variable.

Step IV: Lastly put back z = log x to get the required result.

2
Problem: Solve X’ d_g/_ X% +y=2logx.

dx dx

Solution: D-notation form of the given equation is

(x*D* - xD+1)y = 2log x

On putting X =€*and XD = D',x’D* =D’ (D’ ~1), we have
[D'(D' —1)—D'+1]y:22 (asloge’ =z)
(D-1)y=2z

Here A.E.is (m—1)° = 0givesm=11. 50 C.F is y =(c, +C,z)e’

Now P.| :L,x :;222 :[(D' —1)2]22

f(D) (D'—l)



Hence the general solutionis C.F+P.l. i.e., ¥ =(C, +C,z)e’ +2z+4.

y=(c, +¢, logx)x+2logx+4 (putting z =logx) Ans.
2
Problem: solve X d—Z — 3Xd—y +4y =2x°.
dx dx

Solution: D-notation form of the given equation is

(x’D*-3xD +4)y=2x’

On putting X=e’and XD=D’,x’D* =D'(D —1) we have
[D(D'-1)-3D"+4]y=2¢" (as X =(et) ezz)
(D" -4D'+4)y=2¢"

Here A.Eis (m —2)2 =0 gives m=2,2, 50 C.Fis y =(c +C,z)e*

Now P.| = 1,X: 1 2e% = 1

()" (- (o-2f

20?1

(here X isof forme®V V =1, art.1.2)

: 1 , 1
apl =2€° 21:292 7.1 (here 1 1=”1dzdzj

{(D‘ +2)—2} D D’

= 2e22i,z =2e22lz2
D 2

Hence the general solution is i.e., Y =(c, +C,z)e* +e*z”
y =(c, +c, logx)x* +e***(log x)2 . (putting z=log x)
y =(c, +c, logx)x* +x* (log x)z. Ans.
d’y

2
Problem: Solve XS——ZXZd—y+2y:10 X+1 .
3 2
dx dx X

Solution: D-notation form of the given equation is



(x3D3 +2x°D? +2) y =10(x+£].
X
On puttingx=e? andxD=D",x*D?=D (D'-1).X3D' =D (D'-1) (D"-2)

We have [D'(D'—1)(D'—2)+2D'(D'—1)+2Jy=10(e2+e‘z).
:>(D'3 +D" +2)y=10(eZ +e*2).

Here A.E is m® -m? +2=0 = (m+1) (m?-2m+2'=0

2++/4—8
2

—>m=-landm= orm=-landm=1+i

Hence, C.F =ce™ +e(c,cosz+c;sinz).

Now P.l= = 1, X = ! 210(e2+e‘z).

f(D) (D'3—D'2+2)

=10 = -e°+10 = e’

(D'3 D'+ 2) (D'3 D" +2)2

1
- first part of P.I = =10 ————¢* =5¢’ [on putting D'=1] ....ceueeee. (i)
(-1°+2)

1
Now second part of P.I = 10 e

(D'3 _pD° +2)2

-z

=10 ! e’

(D'—l)(D'Z —2D'+2)

On putting D'=1 except (D'+1) because it becomes zero, a failure case of f(a) =0

Which can be solved by the formula X = e“xje_“x Xdx

1
(D-a)
L e

(D' +1)((-D* -2(-1) +2)

-7

_ 10 -z _ 1 -z _ -z ZN—1L
_—S(D'+1)e Z(D,+1)e 2e jee dz
=2ze"°

=~ from (i) and (ii)

P.| = Se™+2+ze’’



Hence the general solutionisy = C.F+P.l.=Cce "’ +€° (02 COSZ+C,Sin Z)+ 5e%4+2+z@

Problem: Solve the differential equation (XZD2 +XxD + 4) y=0.

Solution:

Substituting x =€’ = Inx =z = xD = D,, x’D? = D, (D, —1), the givenequation reducesto
[D,(D,-1)+D,-4]y=0=(D/-4)y=0

The root of the corresponding characteristic equation are m=2, -2. The required solution of the

transformed equation is
y=ce’+c,e”
Putting logx =z, we have the desired solution as
y=cX*+C,X7
Here C, and c, are arbitrary constants.

Problem: Find the general solution of the differential equation (XZD2 +1) y =3x%.

Solution: substituting X =€’ , the given equation reduces to
(D,(D,-1)+1)y =3¢* = (D’ - D, +1)y = 3¢*
The characteristic equation of this differential equation is
(m* -m+1)=0=m=(1+iV3)/2

The complimentary function is

ol ) o]

Substituting z = Inx, we get

i)

The particular integral of the transformed equation is

1 3922 — 1 3e22 — eZZ

Pl=——— >
D°-D +1 2°-2+1

Hence the desired solution of the given differential equation is

y= «/;{Cl CO{In X\E]Jrclsin(ln X\EHHZ.



Legendre ‘s Linear Differential Equation

The differential equation of the form

dmy e d™y dy

K, (ax+b)" =2 +K, (ax+b +oet K (@X+D) =2+ K y = X

0 ( ) dx" 1( ) dxnfl nfl( ) dx nY

Where K K ..oooooieies ,K, are constant and X is a function of x only, known as Legendre’

equation. Such equation can be reduced to linear differential equation with constant coefficients

by putting

dt a
ax+b)=e'ort=log(ax+b) sothat— = .
( +) g( +) dx ax+b
ﬂzﬂﬂ=ﬂior(ax+b)ﬂ:(ax+b)ﬂ=ad—y=aDy,if£=D
dx dtdx dtax+b dx dt dt dt

Sy 4@ 3 o o) & &, 2 ddw)
dx> dxdx dx

Again — — |=
ax+b dt (ax+b) dt ax+b dt dx\ dt

2

a ng a’> d%
(ax+b)2 dt (ax+b)2 dt?

2 2
or (ax+b)2%=a2(%—%j=a2D(D—l)y and soon

By substituting all these values in (2), we obtain linear equation with constant coefficients.

2

d d
Problem: Solve (1+ X)2 d—z/+(1+ X)d_y +y= 4COS(|0g (1+ X))
X X
Solution: As the given equation is Legendre’s linear equation. Here we take (1+x) = et

d
1 — vy =Dy,
(+x)dxy y

2

d
(1+x)2Wy:D(D—1)y

3

(1+x)2(;j7y=(D)(D—l)(D—2)y, ....... s00n

3

,where D=—
dt

The given equation reduces to

D(D-1)y+Dy+y=4cost= (D2 +1)y =4cost,t =log(1+x)



AE (D2+1)=0 — D=+

C.F =(c,cost+c,sint),

Pl = 21 4cost=4ticost=2t%cost=2t2cost=2tsint
D +1 2D D -1

Complete solution, y =(c, Cost+c,sint)+2tsint,t =log (1+X).

2
Problem: solve (2X+3)2 % —(2X+3)%—12y =6X

Solution: Take 2x+3 =€',t =log(2x+3) so that the given equation reduced to

[4D(D-1)-2D-12 ]y =3(e' -3)as6x =3(2x) =3(e' -3)

or 2(2D*-3D-6)y =3(e' -3)
AE 2D*-3D-6=00rD= 3J_rzl/ﬁzml,mz
3++f57 3+./57
Vo (t):cle”‘lt+czem2t:cl(e‘)ml+cz(et)m2:cl(e‘) 4 +c2(et) 4
1

Pl ep-1z2°°

— Z;et_g%em:_iet §

4D°-6D-12 4D°-6D-12 14 4

When Y(X)= Yy (X)+ Ve (X) =, (2x+3)™ +¢, (2x+3)™ —%(2x+3)+%

Lecture 10: Existence and Unigueness theorem, Picard’s theorem

Picard's Existence and Uniqueness Theorem
Consider the Initial Value Problem (IVP)
v =fxy),  y(x) = o
Suppose f(x,y) and Z—f](x,y) are continuous functions in some open rectangle R =
{(x,y):a <x < b,c <y <d} contains the point (x,,y,), then the IVP has a unique

solution in some closed interval | = [xq — h, x, + h], where h > 0. Moreover, the Picard

iteration defined by

VYn+1(X) = yo + f f (6. (D) dt



produces a sequence of functions {y, (x)} that converges to this solution uniformly on I.
Example: Consider the IVP
y' =3y@® y(2)=0

Then f(x,y) = 3y?/® and Z_i = 2y~'/3 so f(x,y) is continuous wheny = 0 but z—f/ is
not continuous. Hence, the hypothesis of Picard's Theorem does not hold. The IVP has
two solutions, y/3) = x — 2 andy = 0.

Picard’s theorem

There are many equations that cannot be solved by elementary methods. An alternative
approach is to approximate a solution to an IVP by constructing a sequence of functions
that converges to a solution. This is precisely the approach uses for Picard's Theorem.

To find the solution of the IVP y' = f(x,y),y(xo) = y, using Picard iteration we start

with the function y(x,) = y, and then iterate as follows
X
Fuer () =0 + [ f (630(0) de
X0

to produce the sequence of functions yy(x), y1(x), y,(x).......... If this sequence

converges, the limit function will be a solutionin I.



Example: Consider the IVP

y'=2y, y(0)=1
Solution: This IVP is equivalenttoy = 1 + fox 2 y dt, so the Picard iterates are y,(x) = 1,

X

y1(x) = 1+f 2yo()dt =1+ 2x

0

(2x)?
2!

y2(0) =1+ [ 2(1+20)dt =1+ 2x +

and so on. It can be shown by induction that the nt" iterate is

(2x)? O" < (2x):
Yn(x) =1+ 2x + T + -+ o =Z(; i

which is the nt" partial sum of the Maclaurin series for e?*. Thus, as n — 0, y,,(x)— e2*.



Unit-Il
Prepared by: Dr. Sushil Shukla
Tutorial Sheet

Ordinary Differential Equation of Higher Order:

Solutions of linear differential equations of nth order with constant coefficients,
Simultaneous linear differential equations, second order linear differential equations
with variable coefficients (solving them by using changing independent variable, Normal
form, Reduction of order, method of variation of parameters), Cauchy Euler equations.
Existence and Uniqueness theorem, Picard’s theorem.

Linear differential equation with constant coefficient

Solve the following differential equation

Q1. (D*+6D*+11D+6)y =0 [Ansy=ce™+ce™ +ce™ |
Q.2 (D*-D°-9D*-11D-4)y =0 [Ans.y =, +Cx+eyx* e +c4e4x]
Q.3 (D*+D’ +D+1)y=sinx {Ans.y =Ce™* +C, COSX+C,Sin x+%(2c032x—sin ZX)}

Q4 (D*-3D* +4D-2)y =e€* +cosX
L . 1 .
[Ans.y:cle +e”(c,cosX +C,SinXx)+ xe +E(cosx+3smx)}
Q5 (D*+3D*+2D)y = x* {Ans.y:cﬁczeX+c3ezx+é(2x2—9x+21)}

d?y
dx?

6. Solve +4%+5y=0. Ans:yze*ZX(ACosx+ BSinx).
X

2

7.Solve (D*+6D+9)y =5 +e . Ans: y =(C, +C,x)e”™ +%e2X +X?e‘3X

8. Find P.I. to the differential Equation ~ (D*+4)y = x .Ans: P.I.:%.

9. Solve the differential Equation (D*-3D+2)y =6e” +Sin 2x
Ans: y=Cpe*+C,e”* +3e* +2—10(3Cos 2x—Sin 2x)

10. Solve the differential Equation (D*-4D+1)y =e” Sin 2x



Ans: Y = (Cl Cosh+/3x+C, Sinh \/§x)e2X —%ezx Sin 2x
11. Solve the differential Equation (D*-3D+2)y =e”
Ans: y=Ce*+C 62 4 L

1 2 12

Homogeneous Linear Differential Equation with Variable Coefficient (Cauchy-

Euler Equation):

3 2

d’y dy . dy

A X243 —L+x—=+y=(x+logx
Q dx® o dx Y ( 9%)
Ans.y:cliJrc2 X COS c3+ﬁlogx +5+Iogx
X 2 2
d’y dy 2
2 XL+ 2x—=-20y =(x+1
Q dx? a7 (x+1)
Ans.yzclx‘s+c2x4‘—ix2—1x—i
14 9 20
d’y dy X
Q.3 X2W—4X&+6yzx {Ans.y:clx3+c2x2+ﬂ
d’y d’y  ,dy c, logx
4 X —=-2x—=2-x*Z+xy=1 | Ans.y=(c,+¢,logx)x+—=2+—=
Q dx® dx? ax Y y=(G+clogx) X 4x
d’y ,. dy
5. Solve XZW—4 &+6y:X2.Ans: y =c¢,x* +¢,x° —x* log x
2
6. Solve xzd—¥—2xd—y—4y:x2+2Iogx.
dx dx
Ans: Y =%+ x[c, cos(log x + ¢, sin(log x) ] +5x +10|0%
2
7. Solve xz%—x%+y:2logx.Ans: y=(c, +¢,logx)x+2log x+4
2
8. Solve xz(; ¥—3X%+4y=2XZ.Ans: y=(c,+¢, Iogx)x2+x2(logx)2.
X X
3 2
9. Solve xad—¥—2x2—¥+2y:10(x+1].
dx dx X

Ans: y = \/;{cl cos[ln x\/gjmlsin(ln X\EJ} X2



Legendre ‘s Linear Differential Equation

2
1. Solve (1+x)° %+(1+ x)%+ y =4cos(log(1+x))

Ans: y =(c, cost+c, sint)+2tsint,t =log (1+x).

2 d%y dy B
2. Solve (2x+3) e (2x+3)& 12y = 6x

Ans: y(X) =, (2x+3)" +c, (2x+3)™ -%(zx+3)+§

2 dzy dy 2
3. Solve (3x+2) F+3(3x+2)d——36y:3x +4x+1
X X
te” +1

Ans: V(X)=ce* +ce®+ .
ns: Y(x)=ce ¢, 108

2d%y dy .
4. Solve (1+X) d—+(l+ x)&+y=25m(log(l+ X))

XZ
Ans: y =c, cos (log (1+ x)) +c, sin(log (1+ x) —log (1 + x) cos (log (1+ x).

2 d%y dy 2
5. Solve (1+2x)" —5-—6(1+2x)—=+16Yy =8(1+2x)
dx dx
Ans: y = (1+2X)? {[Iog (1+ 2x)]2 +c, log (L+2x) + cz}.
Solution of Second order differential equation equation whose one solution is

known:

2 -X
1.Solve x%+ (1- X)%_ y=¢".Ans: y =(log x+cljerx+c2)exz .
2
2.Solve (3—x)d—Z—(9—4x)d—y+(6—3x)y =0.
dx dx
Ans: y =e* % (4x° —42x* +150x —183) +c, &%).

2

dy dy x C
3. Solve x2 —2—-2x(1+X)—=+20+X)y=x>.Ans: y=x| — =+ Z2e>* 4+ C
e ( )dx (L+x)y y ( 2+ > + 2j

2
4. Solve (x+2)d—Z—(2x+5)d—y+ 2y = (x+1)e*.
dx dx

—2X

Ans :y =e** {—e‘x L8

2 (2x+5)+C1}.



2
5. Solve %—2%+ y=e*.Ans:y =e*[-sinX+CX+C,]

Normal form (Removal of First derivative)

2
1.Solve d—Z - 4Xﬂ +(4x*-3)y = e . Ans: y=(ce*+c.e” —1)eX2 .
dx dx
d’y dy

2.50lve > —2tanx_— +y =0.Ans: y = (¢ cos+/2x+c, sin+/2x) sec x.

X dx

, d?y dy 2 :
3.Solve X W—ZX&+(X +2)y =0.Ans: y=(C, COSX+C,SinX) X.

2

4. Solve 372/—4x3—i+4x2y:exz . Ans: yz(clcos\/ix+czsin\/§x+%jexz.

2
5. Solve %—4%%4‘ (4x2 —1)y = -3¢~ Sin 2x.Ans : y =exz(c1 COS X +C, Sin X +Sin 2Xx).

Simultaneous Differential Equation:

1. Solve %+5x—2y:t,ﬂ+2x+y:0.
dt dt

1 1 2 2
Ans: X()=——(@1+6t)e +—1+3t),. y(t)=——(2+3t)e* +—(2-3t
ns: X(t) 27( ) 27( )~ Y(t) 27( ) 27( )

2. Solve %+2x+3y:0,ﬂ+3x+2y:2e2t.
dt dt

Ans: Xx(t)=e'+e™,y(t)=e" —e'+sint .

3. Solve %+2y:et,ﬂ—2x:e‘t
dt dt
t t —t
Ans: x(t):—clsin2t+c2c052t+%—§e“,y(t):(clc052t+c23in2t)+2?e—e?.
4. Solve %+x+2ﬂ+y:et,%—x+ﬂ+y:1.
dt dt dt dt

Ans: X(t)=ce'+c,e”™ +2e™,y(t)=3ce' +2c,e ™ +3e™

5. Solve %—7x+y:0,ﬂ—2x—5y:0
dt dt

Ans: x(t) =€* (c cost+c,sint), y(t)=e"[(c,—c,)cost+(c, +¢,)sint]



Method of Variation of Para Meters:

1. By method of variation of parameters solve the following Differential equation
y" +y = Sec x.

ANS 1y = ucos x+Vvsin x=(log cos x+c,) cos X + (X+C,) sin x.

2. Solve the following differential equation by method of variation of parameters

d2y_y 2
dx? 1+e*

Ans: y=Ce*+C,e"—1+e"log (e‘X +1) —elog(e* +1).

3. By method of variation of parameters solve the following Differential equation
y'-y=e*sine™.

Ans 1y = (ce*+c,e)—(sine ™ +e*cose™).

4. Solve the following differential equation by method of variation of parameters

2
d—32/—2ﬂ+2y:eX tan x .
dx dx
Ans : y=e’(c,cosx+c,sin x) —e* cos xlog (Sec x+tan x).

5. Solve the following differential equation by method of variation of parameters

d_2y+ y =Xsin X
dx? '

] . 1 X . 2
Ans : y=(c,cosx+c,sin x)+§cosx+zsmx—7cosx.

Solution of Second order differential equation by changing independent

variable:
2
1.Solve X%—g—i+4x3y = X".Ans: y =, c0osX* +C,sin X’ +%x2 :
2
2.Solve %Han X %+0052 xy=0.Ans: y=c,sin(sinx+c,).
X X

d 2 d 2x 2x
3.Solve d—Z +(8e* +2) d_y +4e™ y =e™ Ans: y =c e 4 R % (e +4).
X X

d’y dy 1 a . a 1
4.50lve X* —=+3x°—Z+a’y=-—.Ans: Y =C, COS— —C, Sin — + .
OV T dx y Y =4 2x2 2T 2x? alx?
dzy 1dy 2 4 2 ) x?
5.Slve ————2L+4x°y=Xx" .Ans: y=C, coS(X°)+cC,sin(x*)+—.
Olve dZ X dx y ns: y=C (x%) 2 (x%) 4



d?y dy
6.Solve (1+ x)2 d7+(1+ x)&+ y =4coslog(1+x)

Ans: y =c, coslog(l+x) +c, sinlog(1+x) + 2log(1+ x) sinlog(1+ ) .

d? .
7._Solve cosx—¥+sm xY _ 2y cos® x = 2c0s° X.
dx dx

. e o
Ans: y = c, V2% 1 ¢ g~ V2sinx +(sinx)

2

8. Solve (1+ xz)2 (; y+2x(1+ xz)%+4y=0.

X2

Ans: y =¢, c0s2(tan"* x)+¢,sin2(tan " x)
Picard’s Method
Q.1 Using Picard’s process of successive approximations, obtain a solution up to the fifth
approximation of the equation dy/dx =y + x, such that y =1 when x=0.
3 X4 X5 X6

Ans: Y, =1+ X+ X2+ —F+ —+—+——
3 12 60 720

Q.2 Find the value of y for x = 0.1 by Picard’s method, given that

dy y-—x
—="——1y(0)=1.
dx y+x y( )

Ans: y (0.1)=1-(0.1) + 2 log 1.1 = 0.9828.
e dy :
Q.3 Using Picard’s method, solve Vi 2y with x, =0,y, =1.
X

Ans: y= IZ::(ZI—):)I

Q.4 Employ Picard ’s method to obtain solution of the differential equation correct up to

third approximation % =X+ Yy’ forx=0.3, given that y=0 when x=0.
X

2 X X X
Ans: y=—+—+—+
2 20 160 4400

8 11

=0.0451 at 0.3.

Q.5 Obtain Picard’s second approximate solution of the initial value problem,

y'=2x(1+Y),y(0)=0.

4 6 2n
X

Ans: Y =X+ =+ —+ ., +
2! 3l n!




